We will work over S'ck&_ unless  stated otherwise.

D_Ee‘f-. A mqnhsm x>y o Pmmks is rtrresum&k by schemes
YT w) T sheme  ExgT schewe, T mpmmmmih)

(. ols5p2) e et below,
D P = Proper+y of morphisms of schemes stoble under boge change.
(resp. & sacisfy )
- Vx'—-x Swej éeole :
A morphism of pestacks X — Y represevtoble 57 schemes X'9X=Y has P

(resp. representable) @ XY hes P
hoe propery P b VT oy w/ T scheme : Xxyg T—=T has P.
(reep. YT=9 w) T sheme & emle preseatation
U= Ex,T:U— &y T—T ha P.)
Deb An algebusc spoce s o shed X e sheme U & U — X
representoble by schemes, surj, &tole. éUJ;VP\I;‘\\wM o X
Def A Deligne — Mumbrd stack 1 o stack % st. Tschemwe U & U — %

(resp. olgdbratc seack) 2
J etale presentogion of X
represencable, suj, &wle. (rp. Smoot)
Lﬂs’). M‘)

Remork., 1 {schemes} < {Ab. spoces) < { D stacks§ € {als seocks |
Inclu.ﬂons ore ‘Pu"y ‘ptaﬁh#ﬂ & Premes 'P'.I:er PmJucs (_Tl\ t‘n Mml scnse).

@ There ore diflrent dePrrtions of chese objects ™ the literoture, bue

+ Classcol lieermeure © adiitional condvtions o reprecsonbibiey o diogoned

* Oblmen, Sercks Pyt i defve thom wang Schyyp

Whie Actin stack © usually synonymous with olgebrusc stack, ¢ somestmes
denctes an oly. seack locally o P tpe owr an excellent scheme

] quesi—compact % spocoted dingonal.



() Rous N\’ .

aly. space = sheal thet 1 o gling of offwe schemes on Ewole wopolegy
DM seock = stack ~ on -
als. stack = stock ~ on smooth bf“l°37

Algekmcw, oF Quotient stock

TTheorem. G- =S smooth offine group scheme acting on ol space U = S,
Then U — [Ye] 1 represmible by schemes, sug, smooth, offine,
ond is & prncipal G = bundle.
Mocover, [Y/e] w on alg. stack.
Revork. To well —defne the statement, we need the Pollowing :
W We coan debre notions of grouwp oactions, G = eguivoriont morphtsms,
prrcipal G —bundles, quotienc prescecks [ stacks on oly. spaces.
G = offie, a pncpal G—budle over & scheme T alwoys
o scheme. (Will need this w proot)
@ Llee U on oy spce w/ o G-ootien & % senck.
A representoble mophism U — & 5 & peacipal G — bundle
# YT o % w T sheme: UxyT =T % o puncpal G = bundle.
ACTSM alg. spoce W/ G - aceion
Tnduced by G-ockien an U
@ e ow, S€0y(C) ¢} stack over T/ = stack owr €
w/ worphism o S

g2 (of Theorem)
Lee T on S—shewe, and T 5 JU/T morphsm.
PL.u

Toke -,gl, (S OLJ ([U/G] (T)) Coﬂ‘esrmJlAS Obje&t +o ¢
T



Then +l o l” , and since P s a scheme,

we conclude U — [U/G-] Ts repmenu.ue L\/ schemes .

Ao P — T % & pancpal G-budle, ond so sup, smooth, offe.
= U~ [Ya] hes the same properties.

Lostl, o show [Yg] = an olgeboc stock, take U'— U &eale
presntosion. Then  U'— U — [U/G]  amecth  prosereation.

g

£

Bt

]

G =S smooth offine guup scheme. The claslyng seack BG =[S/e]
= o olg. stack.
G =S smosth offwe group scheme oacting o0 U —S. (= : GxsU—V)
It G éwle (over S) ond the action on U s free (e Gxg U("—':‘)U xs U ...m)'
[Ve] 7w o oly. spoce. (Hence we con dente & U/g)
In porticsler, ® G is o Fwte growp drudy oot on an ol max U,
den [Ye] =Y = on oy spee
IP group actin T Tree, [U/&] = a sheof (coveme = also 'bme)
G =S 6tale = oy twal G-budle i étale

= any padpal G-budle 15 Etmle (. descene)
Since ony base chage of U = [U/g] by o sheme 1 @
prncipal G —bundle (and herce Feale), U— [Ya] 1 stale.
Takug U= U Seale presevestion, U'—= U= [Ys] % on ule
presetation. . [Vl 1 en olg. spa.
I? G is a Pwte growp, oaction by G T sowe as action by the

Srour sclmne SIGJQ- Slw: Z (owr S'uc Z) wlnclt [ é‘uje.



A'ﬂelﬁ‘oﬂc‘l-ey &+ My

—n\gonem, I‘P‘ 3;2, 'dtel\ Mj s on Alj. smlg over S,,.g Z

Fise we lst some black boxes.
() (‘Pam‘(hu A smeoth o.wes)
P: C-S -P«m'.ly o smooth curves w/ genus 52.2.

(o) w;: P — vey omp'e
) Px (WS/:) 'ocp.“r Pee sheodd of ronk 5(«)—!)
() adjuncéion map P*Px (w;;) - w:;: s surj,
ond che comcspo-\cl'lrﬁ Mor,;)nsm C— P(r* (wg: )) s a closeJ Tmmersion
(pullback o O(N 10 0 wg;)

A]so, the Hilbert Polynomal of ony Prbes Cs i> IP:‘;;" (vsGS)
w PO = % (O W) = x(ug%) = g (u¥) +1-g
(klm-k;d\)
= (6a-1)(5-1).
® (H?lbuw-. ec)\eme)
X =S PfOJ mop O‘F noetherion schs. G'x(.n re|odﬁvel7 mrle Pe di,[_z]
el

The functor Sck/s — See
Z&'XxsT

T—S) >
( ) { ktfd\‘ "IL‘
P'\unﬁ]
is rerresenucl L, o scheme HTILP(x/s) projectve owr S,
@ (qu\ s on wvertible sheaf a Pu“loack of an Tavertible sheod ?/ ﬁwp A.S.'b)
F: X =Y Plo, proper morr)ﬁsm of noethecion schemes with geometﬁco"y
Tlreejrh.l 'PTL«':. Fix an Tl\verhue A\co:P' on X.

v Hilbere Plyl\m‘ml
€ :
* T o"‘ Zt is P

Then E!cosd subscheme Z — Y st T-Y -Ppcu,-s &”"5“ Z
¥ LlX"yT I Tso to a rul“»ak of some Tnvertible shed on T
As  sees, Z={y€YlL1 s wwal],

T trvertible shead on Xy



Obeave, Posily of smooth cuves 75 “locally” o closed mbschome of P
st every Piber hos  Hilbert P°IY"°"".‘°‘| PG = (6,\ _;)(5-0.

We oim to construct an Tsa  from Mj to a GQuotient o a sweoble
subsheme of the Hibet sheve H = Hib?(PF°/_)
Also let Cél' IPi"_‘ X H -the umversol -Fuw.ly (ek—. cornsrondms +o 1dy
on Hilbere ﬁmeeu-) ond ®m: CT— H projection.
We. ‘Plr.rb Prwc -'Jn 'PB“MAD ClOJM.

outomotic

Claim, |oca||7 closed subscheme H'C H s snce dug P = |
—A
@ YheH : T, — Spc x(h) smosth & goom. comected curve
(so n PN'I.‘JGMlOU‘, aeom. TA-bgnl)
heRH : T, — P:B(:; Ts embedded via the comrbee. lincon system lw
° Sq~ o
(Q H ('szh)‘ : G‘(I)) — H (’C;,, w:-:/xoo) T"’)
() wel . ond Og, () difke by o pullback of on mvectible sheof
from H’
Moreover, # T—H 1 a mcqnlﬂsm se. (@, (B, ) holds for
CT—)T' tku\ T—'oH ‘Puctnrs t‘\ﬂou’}. Hl.

\4
b
@ Ly

PP. We con construce H' Ly 'balﬂl\j o Sczuuu:e of open /c|aeed suLa-Jsemes
one condition at o -time.

() Fiest, the smooth locus {heHICh meo-elu} CH = open.

7c

Consider the Scon fcworization T — H

AN

= geom. Conn SP“ 75 G

Se {l\GHICk Seomml\eched]’ = {l\GH' c*: Ol = 70 Tso on L}

=H \ (s“ﬂ‘("‘" n’)US«"(ah— "*)) CH = open.
('.'1:* B o map of  coherent Cn —mndules)

R {h GHICh smooth & 3com.ocnmcee.4} CH = open.



© Aply @ on mm:Cy —H, oad O, ® wd?

®)

‘/Hn
cl
to get Hy — H, (Recdl 7, hes geom. Tneegrol Pibers by (‘*))
= T—H swshe dee we) | ond Oc () difhe by

pullback of some tweﬂs‘xl:le sheel on T 1 = Pactors -rln-ﬁh Ha.

II\ rW‘lcu‘N‘ "‘eH q‘/"o‘) 4 0 (l).

lee m: Ty, — Ha b ety e

/‘ of reak S(g-1) \/

Conside- the conomcal map o : H°(|P;5-‘, ow) ®, Oy, — =,
Tl\e ‘P‘-lm- o‘F‘ o over kel—h Ts

x O, (1),
O]
a0 H* (P2, o) — H°(Gh, B 0) x H(G,, -y}
{heH | W hols} = [heH | u m}
= K, \ Sum (ceke-(ft)) cH, = open.

Take H oas s open subscheme.

Pt (oF Theorem)
35«0\* oction PG’L%_g n H JG'P'MCJ oS

V{ g (S Au—e(“’::’-r) = HOM(S, PG‘ng-r) .
[0EP5*] € H(s) '

g- L-D é lPss-"s] = [3 (D) é IP:’-’J X

H cH s PG»L,’_,.—mvmmt, so we have an nduced group oction

PG‘L%_S N H. We am 0 construct on Ts0 [H'/PGLSS-:J —

which wll amrleu the Per.

' pre
First, construct [H/PG-L;’-g] — MU .

(S—H) > (c—5)
=]

C LN IP"-

\l



I claw ths mop T -Pully Puadhdul. To show dhis, T siPhess 0 show
maps betwaen sees of outoworphisms  are h)ecezm:. (c#. Beercse 2-3.18 («))
Lee (SoH) B (C5S) by de mep.
S— H' coresponds  wrch closed subscheme C < P3¢

®2

By condieion ©, Ttnereble shead M oon S st G () = wg @p'm
By condwien (0, we have on Tsomorphism

Ho (B3¢, o)) ®, Op — pr O U) 2 py (WS, @p™M) % pewg, oM.
Given on ouwsomephion of C =S, 7t induas an outamorphism of
P» W:/"; ©M, so by the 0 above Tt duces an awrcomorphism of |f>:5“
that preseeves C. This & the umgue automorphism of S — H' <hos
meps o the given outomorphism of T—S.
Swe [H/per, ] =My = Rl Aol de ndesd mophue

[HyPGL%_ ] -_’mb s also -pully -Pn‘rdﬁ.l. (C‘P EXON:R 2.4, l6)

To show [H./PG'L,;’_;] - MJ s on Tso, T& remains +o show

e 15 essencially sugecuve.  Given any ot C—S o Ay, we need
o show that {Sl—vsj wle over st Tg, — S, = = the

oge o [H! ~ e oo, ;

S / PGLSJ-] — s, o, jest kg o Zaisk opes

cover [S’;} st. (P«.u\lg/:;)ls~ s ‘Fru w’zs. m

REJWL We con s'lm\larly slww 'd‘\ﬁt. Col\h.d (C)‘ Bun,.‘d (C) ore a.‘,. rhu:k‘

over Sf.g ke Ly Cnmmdﬂnj Tsmo«-rhms +0 unions 6’! zuo-e\ent Sl:mls ’
<hs ame ufms Quot  schemes.



